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Abstract. Active ion transport by ATP- or light-driv- 
en pumps involves a sequence of elementary steps 
such as binding and release of ions, as well as 
conformational transitions of the pump protein. At 
the microscopic level the individual reaction steps 
occur at random intervals, and therefore the current 
generated by electrogenic pumps fluctuates around a 
mean value. In this paper, a theoretical treatment of 
the electrical noise associated with active ion trans- 
port is given. The analysis, which is based on the 
calculation of the correlation function, yields the 
spectral intensity S 1 of current noise as a function of 
frequency, f. The shape of Si(f) contains information 
on the rate constants as well as on the magnitude of 
the charge displacements occuring during single 
reaction steps. The contribution of electrogenic 
pumps to the total voltage noise of the cell may be 
estimated from St(f) and from the frequency- 
dependent impedance of the cell membrane. 

Key words: Electrical noise, membranes, ion pumps, 
active transport, fluctuations 

Introduction 

Cellular membranes contain a number of active ion 
transport systems capable of accumulating or extrud- 
ing ions against a gradient of electrochemical 
potential. Examples of ATP-driven ion pumps are the 
sodium-potassium pump in the plasma membranes of 
animal cells (Hoffman and Forbush 1983), the 
calcium pump in sarcoplasmatic reticulum (Hassel- 
bach and Oetliker 1983) and the proton-translocating 
ATPase in fungal membranes (Goffeau and Slayman 
1981). Light as an energy source is utilized by 
bacteriorhodopsin, a proton pump of Halobacterium 
halobium (Stoeckenius et al. 1979). 

Most ion pumps so far known are electrogenic, 
i.e., they translocate net electric charge across the 

membrane. For example, the Na,K pump of eryth- 
rocytes translocates three sodium ions outward and 
two potassium ions inward during one pumping cycle. 
Electrogenic ion pumps may strongly influence the 
potential difference between the cytoplasm and the 
extracellular medium. For instance, the proton pump 
in the plasma membrane of the fungus Neurospora is 
capable of maintaining a large intracellular potential 
of about -200 mV (Warncke and Slayman 1980). In 
this way, electrogenic ion pumps may modulate other 
cellular activities such as secondary (gradient-cou- 
pled) active transport or electrical excitation. 

The molecular mechanisms of active ion transport 
are still incompletely understood, but it is clear that 
ion pumping is a multistep process, involving a series 
of binding, dissociation and translocation reactions. 
At the microscopic level the pumping cycle proceeds 
through a sequence of elementary steps which occur 
at random intervals and in random directions. That is, 
an ion pump operates in a stochastic way, carrying 
out a sort of biased random walk among the states of 
the reaction cycle. While there is an average net flow 
in the forward direction, single steps will always occur 
in which the cycle moves backward. As a result of the 
statistical nature of the transport process, the trans- 
membrane pump current fluctuates around a mean 
value. In this way electrogenic ion pumps contribute 
to the electrical noise of the cell membrane. Voltage 
noise in sensory cells ultimately limits the threshold 
for signal transduction, since stimulus-evoked 
potential changes can only be detected if they are 
larger than the average noise amplitude (Hagins et al. 
1970; Fain et al. 1977). 

By analysing membrane noise, information on ion 
transport mechanisms may be obtained (Verveen and 
De Felice 1974; Conti and Wanke 1975; Neher and 
Stevens 1977; De Felice 1981). Such studies have 
been carried out, for instance, with acetylcholine-ac- 
tivated channels in the neuromuscular junction (Katz 
and Miledi 1970; Anderson and Stevens 1973), with 
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gramicidin A channels (Neher and Zingsheim 1974; 
Kolb et al. 1975) and with ion carriers in artificial lipid 
bilayer membranes (Kolb and Lfiuger 1978; Kolb and 
Frehland 1980). While ionic channels with large 
transport rates can now conveniently be studied using 
the patch-clamp technique (Hamill et al. 1981), the 
method of single-channel analysis is not applicable to 
transport  systems having small turnover numbers, 
such as ion pumps. An experimental study of 
electrical fluctuations associated with active ion 
transport has been described by Segal (1972), but the 
interpretation of these experiments has been ques- 
tioned (Fishman and Dorset  1973; Segal 1974). 
Current  fluctuations from light-driven proton trans- 
port  by bacteriorhodopsin have been observed by 
Bamberg et al. (1984). 

In this paper a theoretical t reatment  of the 
frequency behaviour of current noise associated with 
active ion transport  is given. The analysis is based on 
the theory of transport  noise under non-equilibrium 
conditions developed by Frehland (1978, 1982). 
Assuming that the pumping cycle consists of a 
sequence of conformational transitions and ion 
translocation steps, the spectral intensity, $I, of the 
current noise can be predicted as a function of the 
frequency, f.  The  shape of St(f) contains information 
on the rate constants as well as on the magnitude of 
the charge displacements associated with single 
reaction steps. 

Description o f  the pump mode l  

We consider a pump which is driven by ATP 
hydrolysis or light absorption and which translocates 
an ion M from the cytoplasm to the extracellular 
medium during each pumping cycle. In order to 
describe ion movement  across the pump molecule, it 
is convenient to introduce the potential energy profile 
of the ion along the transport  pathway, consisting of a 
series of potential  wells separated by activation 
barriers (Lfiuger 1984). According to Fig. i the pump 
is represented as an ionic channel with an ion binding 
site and two rate-limiting barriers on either side. 
Towards the aqueous phases a number  of smaller 
barriers may be present which allow fast diffusion of 
ions, so that the outer  energy wells are always in 
equilibrium with the respective aqueous phases. We 
assume that in the ground state of the pump (state 
MC/C)  the binding site is accessible from the left 
(cytoplasmic) side, but separated from the extracel- 
lular side by a barrier of virtually infinite height 
(Fig. 1). In state M C  the pump protein may be 
phosphorylated or activated by light, resulting in a 
transition to state ME, in which the binding site is 
accessible only from the right (extracellular) side. 
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Fig. 1. ATP-driven active transport of ion species M. The pathway 
of the ion through the pump molecule is described as a series of 
energy wells and barriers. In the dephosphorylated state (MC/C) 
the ion binding site is accessible from the left (cytoplasmic) side, 
but separated from the extracellular site by an energy barrier of 
virtually infinite height. In the phosphorylated state the binding 
site is exposed to the right (extracellular) side. During the cycle 
MC ---> ME --> E --~ C ---> MC an ion M is translocated from the 
cytoplasm to the extracellular medium, kce, k*Ec, and kcE, kec are 
the rate constants for the conformation transitions in states with 
occupied and empty binding site, respectively. Uc, xE, 2c, and 2E 
are rate constants for the exchange of ions between binding site and 
aqueous media 

State M E  may either return directly to M C  (which 
would short-circuit the pump) or through the inter- 
mediate states E and C ( M E  --> E --~ C ~ MC).  
During this cycle an ion is released to the extracel- 
lular side, followed by rebinding of another ion from 
the cytoplasmic side. 

If the pump is driven by ATP hydrolysis, state 
M E / E  may be assumed to represent a phosphorylated 
form and state M C / C  an unphosphorylated form of 
the protein. The rate constants kcE, k*ec, and kcE 
then depend on the concentrations of ATP,  ADP,  
and inorganic phosphate (Pi). If the pump is tightly 
coupled (no spontaneous hydrolysis of the phospho- 
rylated form M E ) ,  the following relations hold: 

= p c T  ( l ) 

kEC = reD (2) 

~CF~ = WCp, (3)  

where cr, cD, and cp are the concentrations of ATP,  
ADP,  and Pi, respectively and p, r, w, and k c e  are 
concentrat ion-independent quantities. Implicit in 
Eqs. ( 1 ) - (3 )  is the assumption that phosporyla- 
t ion/dephosphorylation and conformation transition 
takes place simultaneously. This assumption, which 



has been introduced merely for mathematical con- 
venience, may be omitted in a more detailed 
treatment. 

In the following we assume that conformational 
transitions are possible only if the binding site is 
either empty (states C and E) or fully occupied (states 
MC and ME). Transitions between C and MC take 
place by exchange of ions with the cytoplasm 
(denoted by '), transitions between E and M E  by 
exchange with the extracellular medium (denoted 
by "): 

2c 
C + M' ~ MC (4) 

~C 

~E 
E + M " <  -'-> M E .  (5) 

NE 

The rate constants Zc, gE, Zc, and Z E are overall rate 
constants which are used for an approximate des- 
cription of the binding/dissociation reactions; in 
reality, reactions 4 and 5 are multistep processes. Z c 
and 2e depend on the cytoplasmic (c') and extracel- 
lular (c') ion concentrations: 

Zc = O'cc' ; Ze = O'e'c" (6) 

where ,o o Q), Xc, and ~E are concentration-indepen- 
dent quantities. 

According to the principle of microscopic rever- 
sibility (or detailed balance) the rate constants of the 
reaction scheme (Fig. 1) are not independent, but 
connected by a relation containing the thermody- 
namic driving forces (Appendix A): 

kEckcE.c~E~'~C~, (A~mAa t- 
kcEkEc ~c Ze exp R-/~ , (7) 

where R is the gas constant and T the absolute 
temperature. A f t - f i ' - f i "  is the electrochemical 
potential difference of the transported ion (cytoplasm 
minus extracellular medium), and A G the Gibbs free 
energy of ATP hydrolysis: 

Aft = zF(W' - ~" )  + RT ln (c ' / c " )  (8) 

A G  = - R T l n  / \|Cr/CDCp| , (9) 
\Cr /gDgp/ I  

where z is the valency of the ion, F the Faraday 
constant, ~0' and ~" are the electrical potentials in the 
cytoplasm and the extracellular medium, and d r, dn, 
and ee are the equilibrium concentrations of ATP, 
ADP, and Pi, respectively. 
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For the pump model described above, the mean 
(time-averaged) pump current in the stationary state 
may be easily calculated using standard methods 
(Lfiuger 1984). In the following we introduce the 
assumption that the rate of binding and dissociation 
of ions is fast compared with the rate of conforma- 
tional transitions (;~c, ~E, 2c, 2e ~> kcE, kec, kcE, 
kec). Under these conditions the binding sites are 
always in equilibrium with the respective aqueous 
phase. Introducing the dissociation constants K c and 
KE, the binding equilibria are described by 

K c _  Nec q _;~C=_ c (10) 
c' N~c 2c 

KE_ N~ _ X e = E  (11) 
c" N~e ;re 

where N~ is the number of pump molecules in state X 
at equilibrium. The mean pump current i in a 
membrane containing N independent pump mole- 
cules is then obtained as 

- A G  
[ = N z e o a k ) c k c s C [ e x p ( A f i ~ T  ) - 1 ]  (12) 

= N z e o o ( k c f k E c E -  k~ckcEC) (12a) 

[(1 + 0 + + (1 + E) + 
(13) 

where e 0 is the elementary charge. The current [ 
vanishes when the electrochemical potential differ- 
ence of the transported ion is equal to the chemical 
driving force (Aft = A G). 

Spectral intensity Si(w) 
of current fluctuations at constant voltage 

A transition of a pump molecule from state i to state j 
is, in general, associated with a charge displacement 
in the membrane dielectric. This in turn leads to a 
charge translocation in the external measuring cir- 
cuit, if the voltage across the membrane is kept 
constant. The externally measured current results 
from the superposition of a large number of current 
pulses generated by the elementary charge move- 
ments. If qji = -qij  is the charge which is translocated 
in the external circuit as a result of a single transition 
i ~ j, and if c[gji(t ) is the rate of the transition i --+ j at 
time t, the pump current I(t) across the membrane is 
given by (Frehland 1978; L~uger et al. 1981): 

l ( t )  = ~, qij¢~j(t) (qii = 0) .  (14) 
i,j 
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For the four-state reaction scheme of Fig. 1 one obtains 

I(t) = q2~[q}2~(t) - q),2(t)] + ' "  + ql4[{ibi4(t) - -  {/}41(0]. 
05) 

The mean (time-averaged) current [ at steady-state is 
given by the net transition rate between any two 
neighbouring states in the cycle: 

i = z e o ( ~  - 4~i2) . . . .  zeo(4514 - q341) (16) 

Considering Eq. (15), this means that 

q21 + q32 + q43 + qI4 = zeo,  (17) 

where zeo is the total charge translocated through the 
membrane per pumping cycle. As a result of the 
stochastic nature of the transport process, the 
transition rates (/}0 and the electric current I fluctuate 
around their mean values: 

= + a, ,Xt) (18) 

I(t) = [ + c}I(t). (19) 

According to Eq. (14), the fluctuating part of the 
current is given by 

6I(t) = ~ qo (}cI-}ij(t). (20) 
i,j 

Under equilibrium conditions, the frequency behav- 
iour of the electrical noise is described by Nyquist's 
theorem (Kubo 1966), stating that the spectral 
intensity of the current noise is proportional to the 
real part of the complex admittance. However, in a 
non-equilibrium situation, the Nyquist treatment is 
no longer applicable. In this case, the correlation 
matrix of the system has to be used for a calculation of 
the spectral intensity (Frehland 1978). The correla- 
tion function Ci(t) of current fluctuations is defined 
by the relation 

C,(t) = dl(O)dI(t) . (21) 

In a similar way, cross-correlations between fluctua- 
tions of transition rates may be described by a 
correlation matrix with elements Ci;,kt(t): 

Cij, k,(t)  -~ ( 5 ~ i j ( O ) d ~ k l ( t )  . (22) 

According to Eqs. (20) and (21), Cl(t) is obtained as 

C,(t) = ~ qoqkzCck,(t). (23) 
i,j,k,l 

average time behaviour of the system after an 
external perturbation. For this purpose one considers 
a statistical ensemble of many identical membranes, 
each containing N pump molecules. If (N~/) ~ N~ the 
ensemble average of the number of pump molecules 
in state i in the stationary state, the following relation 
holds 

N = ~ N]. (24) 
i 

After an external perturbation at time t = 0, the 
(Ni(t))  relax toward the stationary values N~, accord- 
ing to 

d(N , )  _ S ( s j ( t ) )  . (25) 
dt y 

The quantities Mij are given by the rate constants for 
the transitions between the different states of the 
cycle. 

A convenient way to represent the time behaviour 
of the (Ni)  for different initial conditions consists of 
introducing a set of fundamental solutions £2ij(t) 
which are defined by 

£20(t ) = [(Ni(t)) - N~i] for (Nj(0)) = 1, 

(Nk~j(0)) = O. (26) 

The correlation matrix is then obtained as (Frehland 
1978, 1982): 

= Mii ; + Mk,O,,(O] (27) 

with 

lo (i] = kO 
dii, kl = (q Va kO, 

where d(t) is the delta function which has the 
property d = 0 (t > 0) and 6 --> ~ (t--+ 0). The term 
dCktd(t ) describing the self-correlation of fluctuations 
represents the shot-noise contribution to the corre- 
lation matrix. 

The spectral intensity St(a)) of current fluctua- 
tions is related to the autocorrelation function Cl(t) 
by the Wiener-Khintchine theorem (van der Ziel 
1970): 

SI(( .O ) ~-  4 S Cl(t ) c o s  a)tdt , (28) 
0 

where co = 2 =f  (fis the frequency). Using the relation 

As has been shown by Frehland (1978), the f 6 (0  cos wtdt  = -1 (29) 
correlation matrix may be calculated from the 0 2 
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one obtains from Eqs. (23) and (27) 

S,(co) = 2 ~ qijqkzMijN} 
i,j,k,1 

× Oi;kl + 2 Mkl .f f2ti(t) COS cotdt . (30) 
0 

(34) 

S~ = 2 No[(eoO)2(kcekEcE + kEckczC + 2 kcEkEc) 

+ (eor/) 2 (kc~k~cE + k~ckceC + 2 kcckEcCE) 

9 * 

+ 2 (ZeoV)-xc(kEc + EkEc) 

Calculation of $i(~o) 
9 * 

+ 2 (zeoe)-xe(kcE + CkcE)] . (35) 

In the following we apply the general relation, 
represented by Eq. (30), to the pump model of Fig. 1. 
In order to calculate the translocated charges qij, we 
assume that an ion entering the binding site in 
conformation C, from the left-hand (cytoplasmic) 
solution, has to move a certain distance through the 
membrane dielectric. Accordingly, for the transition 
4 -+ 1 in which an ion of charge ze o enters the site, the 
translocated charge becomes q14 = zeo~" The dimen- 
sionless quantity 7 depends on the location of the 
binding site and on the local dielectric constant. (For 
a homogeneous dielectric film of thickness d, 7 would 
be equal to a/d, where a is the distance of the binding 
site from the surface). An an analogous way, the 
charge q2s which is translocated during the binding of 
an ion from the extracellular medium (state E of the 
pump) can be expressed as q2s = -zeoe. Conforma- 
tional transitions of the pump molecule are, in 
general, associated with displacements of charges and 
rotation of dipoles. For the transition C --> E (binding 
site empty) the translocated charge may be described 
by the quantity q34 = eot] representing the sum over 
all individual charge movements. Using Eq. (17) one 
then has 

q21 = --q12 = e0 r] + Zeo(1 -- Y -- s) ~ eo0 

The frequency-independent quantities A 1, A2, and A 3 
are long expressions (containing the rate constants 
and the fractional charges qij) which can be obtained 
from Eq. (30) but which are not explicitly given 
here. 

For the discussion of the meaning of Eq. (32) we 
consider the special case in which the ion binding site 
moves across the entire membrane dielectric in the 
conformational transition C ~-- E. Assuming further 
that the charge displacement associated with the 
transition C ~ E is negligible, the only contribution 
to the current signal results from the transition 
MC ~- ME. This means that 7 = e = ~ = 0 and 0 = z. 
Under these conditions the following relations hold 
(Appendix B): 

N 2 2  * . . . SO[ = 2 z eocr(kcekucE + ksckceC + 2 kcekEc) (36) 

2 9 * * * A 1 = - -  4 NZ e~orl kcekec(kce + CkcE) C/(1 + C) (37) 

A2 = - 4  Nz2egaT2kcsk~c(k~c + Eksc)E/(1 + E)(38) 

") ? ? * 

A 3 = - 4  Nueoa-l;3[kcf(1 + E) 

+ k"sc(1 + C)] [k~c(kcE + Ckce)2/(1 + C) 

q32 = - - q 2 3  = ZeoE 

q43  = - -  q34  = - -  eo t /  

q14  = - - q 4 1  = zeo7 (31) 

The rate constants Mij which are defined by Eq. (25) 
may be immediately obtained from Fig. 1; thus, Mll 
= - (kcE  + ~c), M21 = kce, M32 = xE, M31 = 0, etc. 
The steady-state quantities N~ and the fundamental 
solutions Di](t) are given in Appendix B, assuming (as 
discussed previously) that the binding/dissociation 
reactions are much faster than the conformational 
transitions. The result is then obtained in the form 

A I  A 2  As 
= + ~ ~- ~ (32) 

Sx(co) S ~ + I  +co2r21 1 +co-r5 1 +co-r5 

T, = (xc  + & )  ; T2 = + (33)  

+ kcE(k~c + EkEc)2/(1 + E)].  (39) 

The frequency dependence of spectral intensity 
S1, as given by Eqs. (32) and (36)-(39),  may be 
described in the following way. At  low frequencies 
(co ~ 0) the spectral intensity approaches a finite 
value $1(0 ) -- S~ + A 1 + A 2 -4-- A 3. For co > 0, S~(co) 
monotonically increases towards the limiting value, 
S~, representing the shot-noise contribution (Lfiuger 
1975). At intermediate frequencies there are three 
dispersion regions, centered at co = 1/z3, co = 1/'r 2 and 
co = l / r> where St(co) strongly varies with frequency. 
T1, r2, and r 3 are identical with the time constants that 
can be observed in a relaxation experiment. Equation 
32 has the same form as the relationship for the 
spectral intensity of current noise associated with 
carrier-mediated ion transport (Kolb and Lfiuger 
1978; Kolb and Frehland 1980). This is not surprising 
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in view of the general similarity of carrier and pump 
mechanisms (Lfiuger 1980). 

When the electrochemical potential difference Aft 
is equal to the free energy A G of ATP hydrolysis, the 
net current [ vanishes, i.e., the system is in equilib- 
rium. Under this condition the relation 

kcekecE = keckceC (40) 

holds, according to Eqs. (7), (10), and (11). It is seen 
from Eqs. (32) and (36)-  (39) that the general form of 
the equation for the spectral intensity $i(o9) is the 
same for equilibrium and non-equilibrium conditions 
and that Si(w) remains finite for [ = 0. In the 
equilibrium state the current I(t) fluctuates around 
zero, with the same general frequency behaviour as 
under non-equilibrium conditions. 

If the chemical driving force is large (kcekecE 
> k*EckcEC), the pump cycle (Fig. 1) proceeds al- 
most exclusively in a forward direction 
(MC---> M E  ~ E ~ C ~ MC).  Under this condition 
Eqs. (12a) and (36) reduce to 

[ "~ NzeocrkcekEcE (41) 

2.0 

1.5 

I i i 

$i (f._~)) f3 i ~ f , ! f  " 
1.0 10-26A2s / " = '2 

/ 0.8 

o° 1 
/-,,,"~'\ _ fl = f2 

O.t+ ~ \Vp = 100 mV 

0.3 J \ ~ -  \Vp=O (equilibrium} 

o ' ' 10 1 2 103 104 105 
f/Hz 

Fig. 2. Spectral intensity $1 of current noise as a function of 
frequency f = m/2~. Sj(f) has been calculated from Eqs. (32) and 
(36)-(39) using the following values of the kinetic parameters: C = 
E = 1, kce = kec = k~c = 500 s -1, ra = r2 = 10 -5 s, N = 5 • 108, z = 
1, e 0 = 1.60- 10-19C. The total driving force is expressed as a 
voltage Vp which is defined by Vp =- (Aft - AG)/F. The rate 
constant kce is determined by Vp, according to Eq. (7). The set of 
kinetic parameters given above corresponds to a maximum 
turnover rate (kce--> ~)  of V m a  x : kecE/(1 + E) = 250 s -1. At  a 
driving force of Vp = 100 mV, the mean pump current is/" = 18 nA 
(T : 25 ° C) 

( 2k}c~ 
S~[ ~- 2 zeo[ 1 + k~cE]  " (42) 

It is interesting to note that the first term in Eq. (42) is 
equal to the shot-noise intensity of a thermionic 
diode, which is given by Schottky's relation: S T = 
2zeoi (van der Ziel 1970). Equation (42) shows that, 
depending on the value of 2kEc/kEcE, the high-fre- 
quency limit of $I can be much larger than 2zeo[. 

A numerical example for Sz is represented in 
Fig. 2 with the following values of the kinetic 
parameters: C = E = 1, kce = kec  = kEc = 500 s -z, 
r l = r 2 = 10 -5 s, N = 5.108 . The value of N 
corresponds to the density of Na,K-ATPase mole- 
cules of about 750 ~tm -2 in heart-muscle cells (Daut 
and Rfidel 1981; Baker and Willis 1972), assuming a 
cylindrical cell 200 btm in diameter and 1,000 btm in 
length. The rate constant kce is determined by the 
total driving force (Af~ - A G), according to Eq. (7). 
In Fig. 2 the spectral intensity SI is plotted as a 
function of frequency, f = 00/2=, for zero driving 
force, Vp = O, and for Vp = 100 mV (for convenience, 
the driving force is expressed as a voltage Vp which is 
defined by Vp = (Aft - A G)/F). At a driving force of 
Vp = 100 mV the pump current, according to Eq. 
(12), is i = 18 nA. It is seen from Fig. 2 than both the 
low-frequency as well as the high-frequency 
(shot-noise) limit of Sl(f) increase with the driving 
force. Furthermore,  the characteristic frequency, f3 = 
1/2:rr 3, fo the slow process is shifted upwards with 

increasing Vp. The dispersions at f l  = 1/2~vrl and f2 = 
1/2:r7:2 which are predicted from Eq. (32) are not 
visible in Fig. 2, since the amplitudes A 1 and A 2 are 
too small. 

In the example chosen here, spectral intensities of 
the order of 10 .26 A 2- s are predicted for a single 
large cell. This value may be compared with the 
intensity $I, b of background thermal noise of the cell 
membrane, which is calculated from Nyquist's rela- 
tion: $I. b = 4 kT/R m. For a cell with a resistance of 104 
O c m  2, Si, b becomes 1 • 10 -26 A 2 • s,  which is of the 
same order as the intensity of pump noise. Thus, in 
order to measure current noise from ion pumps, 
conditions must be chosen under which the specific 
membrane resistance is large. 

Light-driven ion pumps 

Certain bacteria, such as Halobacterium halobium 
contain light driven pumps for H + (bacteriorhodop- 
sin) or Cl- (halorhodopsin) (Stoeckenius et al. 1979; 
Schobert and Lanyi 1982). In this case light absorp- 
tion creates an excited state of very high energy 
(compared to kT); accordingly, most (or all) reaction 
steps leading back to the ground state are virtually 
irreversible. This means that the reaction cycle 
assumes the form 

p~ h v p 2  , . . . .  ,P~  , P , .  (43) 
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As shown in Appendix C for the case n = 3, the 
current-noise intensity of a light-driven (irreversible) 
pump may again be represented by a relation with the 
form of Eq. (32) (with A3 -- 0 for n = 3). 

Since A1, A2, and A3 are negative quantities (Eqs. 
37-39),  an upper limit for the variance is given by the 
shot-noise term Sp. 

(bI)~o < S~f ° . (47) 

Discussion 

The treatment of current noise of ion pumps given 
here is based on the assumption that the overall 
transport process can be divided into a number of 
elementary steps, such as binding and release of ions 
and conformational transitions of the transport 
protein. The pump current may then be described as 
a superposition of many small current pulses associ- 
ated with the elementary reaction steps. From this 
model the pump is predicted to act as a shot-noise 
source in the limit of high frequency, exhibiting 
frequency-independent ("white") current noise. 
Toward lower frequencies a decrease in noise inten- 
sity occurs in a frequency region which corresponds to 
the characteristic time constants of the reaction 
system. This dispersion results from correlations 
between the current pulses. 

In the pump model considered above the pump 
cycle was assumed to proceed through four (main) 
states, meaning that the reaction system is described 
by 4 -  1 = 3 independent state variables. Accord- 
ingly, three time constants rl, 172, r 3 enter into the 
relationship for the spectral intensity (Eq. 32). If the 
pump molecule assumes n states in the cycle, the 
autocorrelation function of the current noise contains 
n - 1 time constants. A more general form of Eq. 
(32) thus reads 

n~_]l Ai 
S,(~o) = S~ + ~ ~. (44) 

i=1 1 + a)-r~ 

This relationship holds for any value of j0. The 
variance of I depends, of course, on the average 
pump current, i, and it is therefore meaningful to 
consider the relative amplitude of current fluctua- 
tions. Assuming that the pump runs at large driving 
force ([A~ - AG]/RT ~> 1, kcEkEcE ~> k~ckceC ), the 
average current is given by [~-NzeoakcEkEcE, 
according to Eq. (41). Introducing the turnover rate 
v = i/Nzeo of the pump, one obtains from Eq. 
(42) 

] / 2 f "  { + 2 k:"Ec~. (48) 

For instance, under the condition kce = 5 • 103 s -1, 
k)c = kce = kec = 500 s -1, C = E = 1, the turnover 
rate becomes v = 170 s -1, which is in the range of 
values found for Na,K-ATPase in different types of 
cells (Baker and Willis 1972). If the cell membrane 
contains N = 104 pump molecules, the limiting value 
of X in the frequency range between 0 and 10 kHz is 
predicted by Eq. (48) to be X < 0.19. (The exact value 
of Z, as obtained from Eqs. (12) and (46), is nearly the 
same in this case). According to Eq. (48) the relative 
current-noise amplitude decreases with increasing 
number of pump molecules and with increasing 
turnover rate. 

Voltage-noise and threshold 
of sensory transduction 

Mean amplitude of current noise 

In order to estimate the average contribution of 
electrogenic pumps to the total current-noise of a cell, 
we calculate the mean square amplitude of current 
fluctuations (the variance of I) in a given frequency 
interval (0, f0): 

(al)  : l' s,O )di. (45) 
o 

If the limiting frequency is chosen such that it is far 
outside the dispersion region (f0 > 1/27rri) ' one 
obtains from Eq. (32) 

(61 ) }0  = s ? f  ° + + - + . 
T~ 

(46) 

Fluctations in the rate of active ion transport can be 
observed, depending on the experimental conditions, 
either as current noise at constant voltage or as 
voltage noise at constant current. Current noise 
measurements are usually preferable, since they are 
not limited by the RC time constant of the membrane 
and therefore can be performed with higher time 
resolution. Moreover, as shown above, the theoret- 
ical analysis of current-noise spectra can be carried 
out in a straightforward way, starting with Eq. (27), 
whereas direct calculation of the spectral intensity of 
voltage noise is much more difficult. 

On the other hand, fluctuations of membrane 
potential may directly interfere with a number of 
cellular processes such as sensory transduction, and 
therefore voltage noise is particularly interesting 
from the standpoint of physiology. In an intact cell (in 
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the absence of intracellular electrodes) the external 
current is zero, meaning that in the membrane the 
sum of displacement currents and ionic currents 
vanishes. In order to estimate the amplitude of 
voltage fluctuations at zero current, we use the 
following relationship between the spectral intensities 
Sv(w ) and Sl(CO) of voltage and current noise (De 
Felice 1981): 

St(o)) 
Sv( o) - r Y( o)I = (49) 

Y(o)) is the complex admittance of the cell membrane 
(1/Y(a)) is the impedance). Equation (49) is usually 
assumed to hold both for equilibrium and non-equil- 
ibrium systems; under non-equilibrium conditions it 
may, however, be valid only in an approximate 
sense. 

The admittance Y(a)) is, in general, a complicated 
function of frequency, containing the time constants 
of the different ionic transport systems present in the 
membrane. For the purpose of obtaining an estimate 
of Sv(m ) we assume that Y(~o) is approximately given 
by a frequency-independent membrane resistance R m 
and a frequency-independent membrane capacitance 
C m (Fig. 3). This assumption implies that the elec- 
trogenic pumps do not significantly contribute to the 
admittance of the cell membrane; this is usually the 
case, at least for animal cells (De Weer 1984). The 
absolute value of the admittance is then given by: 

1 2 2 i v(o))l = V l  + =-- R m C m ,  (50) 

where rm is the time constant of the membrane. From 
Eqs. (49) and (50) it follows that the intensity of 
voltage noise is damped by the frequency-dependent 
factor 1/(1 + o)2~2): 

R 2 $7 R 2 Ai 
- + ~ i  Sv( o) 1 + (1 + +  02V ) (51) 

The mean square amplitude of voltage noise in the 
frequency range (0, oo) then becomes 

0 4 -  + . (52) 

Comparison of Eqs. (52) and (46) shows that (as a 
result of the filtering effect of the membrane 
capacitance) (6V) 2 remains finite in the whole 
frequency range (0, w), whereas (61) 2 increases 
indefinitely for f0_+ ~. 

Numerical values of the mean amplitude of 
voltage fluctuations are given in Fig. 4 as a function of 
driving force Vp for different membrane areas A. The 
specific membrane resistance and capacitance were 

assumed to be R M = RmA = 10 k~2 • cm 2 and C M = 
Cm/A = 1 ~tF/cm 2. For the density N/A of pump 
molecules a mean value of 103 ~m -2 was used, which 
corresponds to the average density of Na,K-ATPase 
molecules in the plasma membrane of a variety of cell 
types (Baker and Willis 1972). It is seen from Fig. 4 
that the voltage-noise amplitude increases towards a 
limiting value with increasing driving force. At 
constant density, N/A, of pump molecules, X/(6V) 2 is 
inversely proportional to the square root of the 
membrane area. For small cells with membrane areas 
of 102-103 ~tm 2 the voltage noise amplitude may be of 
the order of 10-100 ~V (Fig. 4). In addition to the 
noise generated by ion pumps, the total voltage noise 
of cells contains contributions from passive pathways, 
in particular from the statistical opening and closing 

I(t) 

Rm 

V(t) 
Fig. 3. E q u i v a l e n t  c i rcui t  for the  ca l cu la t ion  of  Sv(o) ). The  
t i m e - d e p e n d e n t  p u m p  cu r ren t  I(0 p r o d u c e s  vo l t age  f luc tua t ions  
across  the  cell  m e m b r a n e  u n d e r  open-c i rcu i t  condi t ions .  R m and  Cm 
are  the  m e m b r a n e  res i s t ance  and  m e m b r a n e  capac i t ance ,  respec-  
t ively  

100 

p.V 

10 

RM= 10 K 9  crn 2 

N / A  : 10 a grn -2 
A = 10 2 I lm 2 

A = 10 ~ gm 2 

A = 10 ~ larn 2 

I I I i 

0 IO0 200 
V~/mV 

Fig.  4. M e a n  a m p l i t u d e  of vo l t age  noise  (Eq .  53) as a func t ion  of 
d r iv ing  force Vp for d i f fe ren t  m e m b r a n e  a reas  A.  The  specif ic  
m e m b r a n e  res i s t ance  and  capac i t ance  were  a s s u m e d  to  be  R M = 10 
kf2 • cm 2 and  CM = 1 [zF/cm 2. Fo r  the  m e a n  dens i ty  N/A of p u m p  
mo lecu l e s  a va lue  of  103 [xm 2 was  used  ( B a k e r  and  Wil l i s  1972). 
The  o the r  k ine t i c  p a r a m e t e r s  w e r e  C = E = 1, kcE = 10 s -1, kec = 
k ) c  = 5 0 0 s  -1, v 1 ~ 2  ~ 0, z = 1. U n d e r  these  cond i t ions  the 
con t r i bu t i on  of  the  p u m p s  to the  to ta l  m e m b r a n e  res i s t ance  is 
6 6 k f 2  • cm 2 accord ing  to  Eq .  (12) (Vp = O, c' = c", V ~  O) 
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of ionic channels. Since the pump current flows back 
through passive pathways, conductance fluctuations 
of the cell membrane represent a kind of indirect 
contribution of pumps to the total noise. 

It is interesting to compare the noise amplitudes 
given by Fig. 4 with estimated threshold values of 
stimulus-induced voltage changes in sensory cells. 
For instance, experiments with vertebrate photore- 
ceptors have shown that a voltage change of 10 gV is 
sufficient for synaptic transmission and generation of 
an action potential in the neighbouring second-order 
neuron (Fain et al. 1977). For safe signal detection 
the voltage noise of the receptor cell must be smaller 
than the threshold value of 10 uV. Even lower 
thresholds have been observed in electroreceptors 
(Bennet 1971; Bennet and Clusin 1979; Bullock 1982). 

A possible way to minimize noise effects in signal 
transduction consists in a bandwidth limitation of the 
detecting system (Hagins et al. 1970; Oosawa 1975). 
Consider the case where a voltage-dependent tran- 
sition between two states A and B of a membrane 
protein is a critical step in signal transmission 
between receptor cell and neuron: 

k' 
A 

k rt 

For instance, A may be the closed and B the open 
state of a channel which regulates Ca 2+ influx into the 
receptor cell and thereby modulates transmitter 
release. After a step change in voltage the population 
of channels would respond with a finite time constant 
r = 1/(k' + k") where k' and k" are the rate constants 
of the transitions A --> B and B ---> A. This means that 
only slow voltage-fluctuations with frequencies f* ~< 
1/2zcr can lead to fluctuations in the number of open 
channels. Accordingly, the threshold voltage A V for 
signal detection is given by 

A V  ~ ( ! ' S v ( f ) @  1/2 • (53) 

transported ion (Eq. 8) as well as the free energy A G 
of ATP hydrolysis (Eq. 9) vanish. This means that 
the membrane voltage ~' - ~ "  -- (RT/F)u is equal 
to the Nernst potential (RT/F)uo of the transported 
ion: 

ZUo = ln(c"/c ' )  . (AI) 

Introducing the equilibrium probability P(X) that a 
given pump molecule is in state X and denoting values 
of the rate constants at the equilibrium voltage u0 by 
a bar, one has 

P( ME) _ flew 

P(MC) #(D 
(A2) 

P(C) 
(A3) 

P(ME) (A4) 

P(MC) O'cU 
(A5) 

The product of the left-hand sides of Eqs. (A2) to 
(A5) is equal to unity. Thus, 

fidrkec 2E #b c" 
. . . . . . .  e z"'' . (A6) 

Since any value of u0 can be achieved by a suitable 
choice of c' and c" and since the rate constants p, r, 
w, keo Xc, xE, O'c and 0?~' do not explicitly depend 
on c' and c", Eq. (A6) must hold at any voltage u: 

pgrkec ~E Q'c 
. . . . .  e"". (A7) 

rgDWgf ;¢C O'd 

Combining Eq. (A7) with Eqs. (1)-(3),  (6), (8) and 
(9) then yields Eq. (7). 

In this way A V  can become much smaller than 
V av) 
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Appendix A 

Derivation of Eq. (7) 

We consider an equilibrium situation in which both 
the electrochemical potential difference A/2 of the 

Appendix B 

Calculation of the fundamental solutions f2q (t) 
and derivation of  Eqs. (32) and (36)- (39)  

In the following we describe the transient behaviour 
of the ensemble averages (Ni(t)) using the assumption 
that the rate constant of the association-dissociation 
reactions M + C ~ MC and M + E <~- ME are much 
larger than the rate constants of the conformational 
transitions MC ~ ME and C ~ E: 

Xc, zE, 2o ~,E > kce, kEc, kcE, k~c . (B1) 
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Under this condition the reactions M + C ~ -  M C  and 
M + E ~ -  M E  are always in equilibrium at the steady 
state. Denoting the steady-state values of (N~) by 
N~, the relationships 

N ~  x C N ~  NE 
- - -  C ;  - - -  E ( B 2 )  

N] Zc N~ Ze 

hold (compare Fig. 1). Introducingy = (N, > + (N4>, 
the quantities N; are obtained from the steady-state 
condition 

dy 
dt 

- kcE <NI> + kEc <N2> -- kcE <N4) 

+ kEc (N3> = 0 (B3) 

Using <N2) + <N3> = N - y  together with Eqs. (B2), 
one finds 

N] = Na(kEc + EkEc) ; N~4 = CNS~ (B4) 

NS2 = N o ( k c E  + Ckce)  ; N'3 = EN~ (B5) 

a = [(1 + C) (kEc + EkEc) + ( l  + E) (kce + CkcE)]-'. 
(B6) 

If at time t = 0 the ensemble is perturbed by a sudden 
change of an external parameter, the association- 
dissociation reactions will quickly and independently 
relax toward new quasi stationary states, the time 
constants of these fast processes being given by 

1 1 
2" 1 = - -  ; Z" 2 - - -  . (B7) 

Xc + Zc xE + Ze 

If <N~(0)> ---- <A~i> are the initial values immediately 
after the perturbation, the quasi-stationary values 
{N;'> which are reached at the end of the fast relaxa- 
tion processes are given by the relation {N~> + {N4> = 
<N~I) + <N~4> and <N~) + <N;) = <N~2) + <N~3) . 

This yields: 

<N~> = (<A#~I> + <2~44>)/(I + C) ;  <U~> = C<N~> 
(B8) 

<~> = (<~> + <~>)/ ( i  + E);  < N;> = E < Nz )  
(B9) 

According to Eq. (B3) (together with (N4) = C (NI > 
and <N3> = E<N2> the process is described by: 

dt 
- (kcE + CkcE) <N, > + (k*ec + Ekec) < N2 >. 

(B~0) 

Usingtherelat iony = (1 + C) (N,)  = N -  (1 + E) <N2> 
the solution of Eq. (B 10) is obtained in the form 

Y(0 = [y(0) - y(~)]  e x p ( - t / r 3 )  + y ( ~ )  (B11) 

r3 = a( l  + C)(1 + E) .  (BI2) 

Introducing the notation 

hi =-- e x p ( -  t/Ti) (B13) 

xi(t) -- (N i ( t ) )  - N~i ; Xio -= xi(O) (B14) 

the total solution (including fast and slow processes) 
reads 

xi(t) = [ (Cxlo-  X40)hl + ( X l o + X 4 0 ) h 3 ] / ( l  + C) ( B 1 5 )  

X2( t )  = [ ( E x 2 0  - x 3 0 ) h 2  q- (x20 q- x30)h3]/(1 "4- E,) ( B 1 6 )  

x 3 ( t )  = [(X30 --  Ex20)h2 + E ( x 2 0  -~- x30)h3]/(l + E) 
(B17) 

x4(t) = [(Y40 - Cylo)hi q- C(XlO q- x40)h3]/(l 4- C) 
(B18) 

The fundamental solutions f2ij(t) are defined by 

(2ii(t) -- [ ( Ni(t)  ) - N~] for < Nj(O) ) = 1, ( Nk ~_j(O) ) = O. 
(B19) 

This is equivalent to 

Dij(t) ----- xi(t) for xj(0) = 1 - N;/N,  x k e j  (0) = - N'k/N 
(B20) 

where N ~ / N a n d  N~k/Nhave to be taken from Eqs. (B4) 
and (B5). This yields: 

~J1 = Ch,/(1 + C) + [1/(1 + C) -a(k~c+ EkEc)lh3 
(B21) 

~Q12 = ~r~13 = -cr(kEc + Ekec)h3  (B22) 

f22, = - o ( kcE  + CkcE)h3 (B23) 

n22 = Eh~,'(1 + E) + [1/(1 + E) - ~(k~E + CkcE)]h3 
(B24) 

and so forth. 
Under the condition y = e = r] = 0, 0 = z all terms 

in Eq. (30) except those with i,j and k, l  equal to 1, 2 
or 2, 1 vanish. Introducing N; from Eqs. (B4) and 
(B5) into Eq. (30)together with M~2 = k~c, M21 = k*cE 
and using the relation 

e x p ( - t / r )  cos o)tdt - r (B25) 
0 1 q- (.02 T 2 

yields Eqs. (32) and (36)-(39) .  
A further case in which a simple expression for 

Si(o)) is obtained is when in the transition C ~- E, 
the charge displacement is small and the binding 
site does not move appreciably. Under this condition 
the relations r] ~ 0 ~ 0 and y + e ~ 1 hold. The 



127 

quantities S~, A1, A~ and A3 of Eq. (32) then assume 
the form 

9 ? 9 * 
A~ = - 4  N z - e o y - o Z c C ( k E c  + EkEc) (B26) 

9 . 9 * 
A2 = - 4  Nz -ebe -a2eE(kcE  + CkcE) (B27) 

A3 = 0 (B28) 

$7 = -A~ - A2. (B29) 

In this case Sz(0) is zero, meaning that mainly high- 
frequency noise is observed. 

A p p e n d i x  C 

Light-driven (irreversible) ion p u m p s  

We consider a cyclic reaction among three states 1,2, 
and 3 with virtually irreversible transitions: 

9 

I< 3 
k3 

The cycle is associated with the transport of an ion of 
charge zeo across the membrane. If reaction 1 -+ 2 is 
driven by light, the rate constant k I may be assumed 
to be proportional to the light intensity J: 

kj = 7 J .  ( C I )  

It is seen from Eq. (C6) that W can become negative 
for certain combinations of the ki. In this case the 
eigenvalues )1.~ and Z2 are complex, meaning that the 
system carries out damped oscillations after a pertur- 
bation (Frehland and Lfiuger 1974). In the following 
we consider only situations with W > 0. The funda- 
mental solutions £2ij(t) can be obtained from Eq. (C3), 
as discussed in Appendix B, using the stationary values 
N~: 

N~ = Nko/k, (C7) 

l 1 l 1 
- - -  + + - - .  ( C 8 )  

ko kl k2 k3 

Introducing the electrostatic coefficients ai: 

q21 = Zeoal , q32 = ZeoO:2, q13 = Zeoa3 (C9) 

G~ 1 + a 2 Jr- a 3 = 1 ( C 1 0 )  

the spectral intensity of current noise is obtained in 
the form 

Ai A2 
+ ~ ~ (C11) 

Sl((.o ) = S ?  + 1 + (DRT~ 1 + O)-T~ 

s7 - s , (~ )  = 2 zeof (a? + a~ + a~) (c12)  

A,  = - 2 Z e o [ z ~ @ W [ 2 2 2 ( a ~  + a~ + a~) + Bt] (C13) 

In the notation which we use in the following, ijk 
stands for 123, or 231, or 312 (cyclic permutation). 
The transient behaviour of the system is described 
by (with the same abbreviations as used in Ap- 
pendix B): 

d x  i 
- kixi + k k x , .  (C2) 

dt 

The solution reads: 

1 
Xi( l )  = ~ [ ( k i  ~- ~2)xJ  o - (k]  + ~1)  xk°] e x p ( ' ~ l l )  

V w  

1 
-It- ~ [ - ( k i  -t- 21)Xjo -q- ( k j  -1- ~2)Xk .]  e x p ( , ~ J )  

(C3) 

1 1 
Z, - - (k ,  + k2 + k3 - ~ / W )  ( C 4 )  

r~ 2 

Z 2 -  
1 1 

r2 2 
(kl + k2 + k3 + ~/--W) 

W = k~ + k~ + k~ - 2 (k ik2  + klk3 + kxk3) .  

( C 5 )  

(C6) 

- k o  9 9 
A ) = 2 z e o I ~ [ 2 2 1 ( a y + a ~ + a 5 ) +  B2] (C14) 

- Z2 V W  - 

Ik~ kj k 8, ~ = ~ a,ai (kk +- g-~) + ~ (  , +- VW) 

kikl~] 
+ (k, + k~ ; X/W) - k~. + 2 . 

ko kj J 
(c15)  

The upper sign in B1.2 refers to B~. The summation 
has to be carried out over ijk = 123, 231 and 312. 
As before, ] is the mean current: 

i = zeoNko (C 16) 

Equation (C11) for the spectral intensity Sl(co) has 
the same form as Eq. (32). It may be shown from Eqs. 
(C11) to (C15) that the low-frequency limit of Sr is 
given by: 

S,(O) = 2 zeol " (k'k2)2 + (k'k3)2 + (k2k3)2 
(klk2 + klk3 + k2k3) 2 (C17) 
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C o m p a r i s o n  wi th  Eq .  (C1 2 )  shows  tha t  S t ( ~ )  m a y  
be  s m a l l e r  o r  l a rger  t h a n  $1(0), d e p e n d i n g  o n  t he  
va lues  of  the  r a t e  c o n s t a n t s  ki a n d  the  e l ec t ro s t a t i c  
coef f ic ien t s  ai. 

A t  low l ight  i n t ens i ty ,  w h e r e  kl is m u c h  s m a l l e r  
tha t  k2 a n d  k3, the  t i m e  c o n s t a n t s  ri a n d  the  a m p l i t u d e s  
Ai  b e c o m e  

/'1 = ] /k2  ; T 2 = I/kB ( C 1 8 )  

A1 = 4 Zeoi a3[a2 + a l k2 / ( k2  - kB)] (C 19 )  

A2 = 4 Zeo] a j [ a 2  + a3k3/(k3 - k2)] . (c2o) 

F u r t h e r m o r e ,  a c c o r d i n g  to Eq .  (C1 7 )  the  l ow- f r e -  
q u e n c y  l imi t  of  $I is g iven  by  S c h o t t k y ' s  r e l a t i o n  for  
a s h o t - n o i s e  sou rce :  

SI(O) : 2 z e J  . ( C 2 1 )  

T h e  s a m e  resu l t  as r e p r e s e n t e d  in  Eqs .  ( C 1 8 ) - ( C 2 1 )  
m a y  b e  o b t a i n e d  by  an  e n t i r e l y  d i f f e r en t  m e t h o d ,  u s ing  
the  g e n e r a l i z e d  C a r s o n  t h e o r e m  (to be  p u b l i shed ) .  
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